Gido trinh Todn 6 Trwong Cao Pang Ly Tw Trong TP.H6 Chi Minh

L PHAN A. GIAI TiCH :E

CHUONG I. NGUYEN HAM - TiCH PHAN VA UNG DUNG
§1. PHUONG TRINH MU VA LOGARIT

A.LY THUYET
I. PHUONG TRINH MU

1. Phwong trinh mii cin ban a*=b (1)

¢ b < 0: phuong trinh (1) vd nghiém ’
% b> 0: phuong trinh (1) ¢6 nghiém duy nhat: x =log,b.

2. Céch giii mét s6 phwong trinh mii don giin

a) Pua vé cling co sb a%=a" < o=P

Vidu 1: Giai phuong trinh
9x+1 — 27x—2 P (32)x+1 — (33)x—2
PN 32x+2 — 33){-6
& 2x-2 =3x-6
Sx=4
Viy phuong trinh c¢6 nghiém duy nhét x = 4.

b) Phwong phap dit an phu: | ditt=a"™

Vidu 2: Giai phuong trinh
3724231 3=0(1)
& 37D 43¢ 3=
o 3N +231-3=0(2)

bat: t=3*", (t>0)

Qe t+2t-3=0
=>t =1 (nhan) v t = 3 (nhan)
itz l o3 =13"1=23ex-1=0=x=1
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viit=33"'=323"=3' ox-1=1ox=2
Vay phuong trinh (1) ¢6 2 nghiém x = 1 hodc x = 2.

¢) Phwong phap logarit héa: | u>0, v> 0 thi log,u=1log,v&u=v

Vi du 3: Giai phuong trinh  3*'.2* = 4*2
312" =4 & logy(3".2) = log,(4*)
& logy(3°") + loga(2%) = logy(4°?)
S(x—1) logy3 + x.logy2 = (x — 2)log,4
S(x—1)log3 +x=(x-2)2

& (log,3 —1)x =logy3 -4
log 3

x_10g23—4_10g23—10g216_ 2%_1
log,3-1 log,3-log,?2 1og23 216
2

0g

Vay phuong trinh ¢6 mot nghiém duy nhét x= log, 6
2

I. PHUONG TRINH LOGARIT
1. Phwong trinh 16garit cin ban: | log.x =m < x=a" (m € R)

Vidu4: logx=3<x=2"=8
2. Cach giai mét so phwong trinh logarit don gian

a) Dua vé cing co sb: u>0,v>0thilogu=Ilog,v&eu=v

Vi du 5: Giai phuong trinh log4x2 =logy(-x + 2)
Dicukién: —x +2>0 vax #0 & x<2vax #0
log4x2 =log)(—x +2) elogyx =log)(-x+2) & x=-x+2
e 2x =2
< x=1 (nhan)
Vay phuong trinh ¢6 mét nghiém duy nhit x = 1.

b) Phwong phap dit 4n phu
Vi du 6: Giai phuong trinh
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6 N 4
I+log,x 2log, x

dk:x>0;x¢%;x¢l

6 N 4
I+log,x 2log,x
<:>L+i=3;(t=log2X);(t;tO,t;t—l)

I+t 2t
& 12t +4+4t =6t +6t°
& 6t°=10t—4=0

(:)t=2;t=_—1
3

*t=2&log,x=2x=4

-1 -1 i
ft=—olog,x=—ox=2°% =
3 82277

&
[\)H

3

Vay phuong trinh c6 nghiém: x=4 holic x= %

B. BAI TAP

Cau 1: Gidi cac phuong trinh sau day
2 2x+1 _ 8_ X
a) () = ()

3-x  _ 1_2)(2
b) (2) —(8)

€)2**tt 4 2%¥71 4 2% =28
d)64* — 8% — 56 =0
£)34* — 26* = 9%
Cau 2: Gidi cac phuong trinh sau day
a/ log;(5x + 3) = logs(7x + 5)
b/ log(x — 1) —log(2x — 11) = log 2
c/log,(x —5) + log,(x+2) =3
d/ log(x* — 6x+ 7) = log(x — 3)
e/ log,14=1+1logy(x—1)

§ 2. BAT PHUONG TRINH MU VA LOGARIT
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A. LY THUYET

Bit Phwong trinh mii co bin Bat Phwong trinh légarit co ban
Dang:a* >b; (a>0vaa#1) Dang : log,x > b; (a>0vaa#1)
hoica* < b; a* < b; a*=>»b hodc log, x < b; log,x > b; log,x <b
Luu ¥V cong thirc: Luu ¥ cong thire:

Néua>1thia® >a" S m>n Néu a > 1:log,b >log,c &b >c

Néu0<a<1lthia®>a"em<n |Néu0<acx<l:logb>log,ceb<ec

Cach gii: Cach giai:
C6 thé dung mét trong cdc phuwong phdp | C6 thé ding mét trong cdc phuwong phdp
sau day . ) sau day
- DPua vé cung mét co s6 - Dua vé ciing mét co sb
- Phuong phdp dat an phu - Phuong phép dit an phu
- Phuong phép logarit héa - Phuong phdp mii héa
Vi du 1: a) Giai bit phuong trinh 2°** > 0,25
ey 93t 52
& 3x-4>-2
= x>2/3

Vay tap nghiém cua bpt 1a: S= (2/3 ; +0).
b) Giai bat phuong trinh loggs(1-2x) > 1
PK:1-2x>0&x<1/2

~ 10g0,5(1-2X) > 10g0’50,5
< 1-2x<0,5
S 1/4<x

Vay tap nghiém cua bpt la: S= (1/4; 1/2).
¢) Giai bat phuong trinh:  4¥—3.2X+2>0 (1)

& (292 —3.25+2>0(2)
bat t=2*>0,(t>0)
Qet?-3t+2>0= t<1lhodct>2
*Viil0<t<1eo0<2*<lex<0s xe(—x;0)
*x Voit>2 o2 >2o x> 1< xe(l; +0)
Vay tap nghiém cua bat phwong trinh (1) 1a: S= (—o0; 0) U (1; +o0)
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B. BAI TAP
1/logg(4 — 2x) = 2
2/log1(3x — 5) > logi(x + 1)
5

5
3/2%% > 1
4/ 16" < 0,25
5/ 10g1/3(x2 —6x +5) =2log;(2-x)>0
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§3. NGUYEN HAM

A. KIEN THUC CAN NHO
I. NGUYEN HAM VA TINH CHAT
1. Nguyén ham

Pinh nghia: Cho ham sé f(x) xdc dinh trén K. Ham s6 F(x) duoc goi 13 nguyén ham
ctia ham s6 f(x) trén K néu F'(x) = f(x) v&i moi x € K.

Vidu 1:

a) Ham s6 F(x) = x? 1a mot nguyén ham ctia ham sd f(x) = 2x trén khoang
(—o0; +00) vi F'(x) = (x?)' = 2x; Vx € (—o0; +00).

b) Ham s6 F(x) = Inx 1a mot nguyén ham ctia ham sé f(x) = itrén khoang (0; +o0)
ViF/(x) = (Inx)’ = ~; ¥x € (0; +00),

Néu F(x) 1a mot nguyén ham cta ham sé f(x) trén K thi F(x) + C,C € R 1a ho tit ca
cac nguyén ham cua f(x) trén K. Ki hi¢u

ff(x) dx =F(x) + C

= Chi ¥: Biéu thirc f(x)dx chinh 12 vi phan ctia nguyén ham F(x) cia f(x)
(Vi dF(x) = F'(x)dx = f(x)dx)
Vidu 2:
a) Voix € (—oo; +0); [2xdx = x? + C;
b) Véix € (0; +0); fidx = Inx + C;
¢) Véix € (—mw; +); [ cosxdx = sinx + C
2. Tinh chit ciia nguyén ham
1) [ f(x)'dx = f(x) + C;
2) [kf(x)dx = k [ f(x)dx; k12 hang s6 khac 0;
3) JIf(x) £ g()]dx = [ f(x) dx + [ g(x) dx

Vidu 3:

1) [(cosx)' dx = [(—sinx) dx = cosx + C
2) Véi x € (0; +0) tacéd

3 1
f(Ssinx+;) dx = 5fsinxdx+ Bf;dx = —5cosx + 3lnx + C
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3. Su ton tai nguyén ham
Moi ham s6 f(x) lién tyuc trén K déu c6 nguyén ham trén K.
Vidu 4:

i 2
a) Ham s6 f(x) = x3 ¢6 nguyén ham trén khoang (0; +) va
2 35
fx3dx = §X3 +C

1

b) Ham s g(x) = c6 nguyén ham trén ting khoang (km; (k + 1)m); (k € Z) va

sinZx

1
j — dx = —cotx+ C
sin?x

4. Bang nguyén ham ciia mét s6 ham s6 thwong gip

J-dezc fade=%+c; (a>0;a#1)
fdx=x+C fcosxdx=sinx+C
Xn+1
]XndX: +C (n#-1) fsinxdxz—cosx+C
n+1
1 1
f—dx=1n|X|+C j ——dx =tanx + C
X Cc0s?x
1
fexdx=eX+C f_z dx = —cotx + C
sin?x

II. PHUONG PHAP TiNH NGUYEN HAM
1. Phuwong phap ddi bién so
Pinhlil:

Néu [ f(u) du = F(u) + Cvau = u(x) la ham sé c¢é dao ham lién tuc thi
f f(u(x)).u’(x)dx = F(u(x)) + C.

s Héqua. Voiu=ax+b(a#0),taco

1
ff(ax+b)dx=gF(ax+b)+C

Vidu 5: Tinh [ sin(3x — 1) dx
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Vi
[ sinudx = —cosu + C nén theo hé qua ta c6

1
f sin(3x — 1) dx = —§cos(3x -1 +C

2. Phwong phap tinh nguyén ham tirng phan
Dinh li 2:

Néu hai ham sé6 u = u(x)vav = v(x) ¢ dao ham lién tuc trén K thi

fu(x).v’(x)dx =ux)v(x) — f u' (x)v(x)dx.

= Chdy:

Vi u'(x)dx = du; v'(x)dx = dv; nén ddng thirc trén con duogc viét dudi dang:

fudv=uv—fvdv

DAy 1a cong thc tinh nguyén ham tirng phan.
B. BAI TAP AP DUNG
Vidu 6: Tinh [ = [ cosx sin®xdx
Giai
bat t = sinx & dt = cosxdx
Khi dé

1 1
[ = ]COSXSin?’XdX: ]t3 dt=1t4+C ==Zsin4x+C

Vi du 7: Tinh céc tich phan sau

a) [ xe*dx b) [xcosxdx  ¢) [Inxdx
Giai
a) [ = [ xe¥dx
< u=x du = dx
bat {dv = e¥dx { v =eX

Do d6 I = [ xe*dx = xe* — [ e¥du = xe* — e* + C

b) I = [ xcosxdx
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u=xXx du =dx
bat = )
dv = cosxd.x Vv = sinx

[= j xcosxdx = xsinx — f sinx dx = xsinx + cosx + C.

c) [ = [Inxdx

. u = Inx du = —dx
bat = X
dv = dx

[ = [Inxdx = xIlnx — [ dx = xlnx —x + C

C.BAI TAP
1. Tim nguyén ham ciia céc ham s6 sau
x+Vx+1 2% —1
f(x) = ———; b) f(x) =
a) ) =~z )00 =
) fx) = ——=; d) f(x) = sin5x. cos3x
sin?xcos?x
1 1
f(x) = ; f(x) =
O = DG -5 DIC = v+ 9
2. St dung phuong phép doi bién, hiy tinh
a) f(3 —x)1%dx; b) fx(l + x2)20dx
) f 2x. sinxd d) f dx
c) | cos“x.sinxdx; _
A SIAEX eX+e*+2
3. Sir dung phwong phép tinh nguyén ham tirng phan, hiy tinh:
a) j xsin?xdx ; b) f x2sinxdx
X
c)f ——dx; d) f(x2 + 2x — 1)e*dx
sin?x
e) j xIn(x + 1)dx; f) fx sin(2x + 1)dx
g)f(l — x)cosxdx ; h) fxsinxdx
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§4. TICH PHAN
A. KIEN THU'C CO BAN
I. Khai nién tich phan
1. Dién tich hinh thang cong
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Cho ham sb y = f(x) lién tuc, khong doi dau trén doan [a; b]. Hinh phing gidi han
bdi do thi cua ham s6 y = f(x), truc hoanh va hai duong thang x = a; x = b dugc
goi 1a hinh thang cong ( H. 1a)

O 16p duéi, ta da biét cach tinh dién tich hinh chit nhat, hinh tam gidc. By gio, ta
xét bai todn tinh di¢n tich hinh phang D gidi han boi mot duong cong kin bat ki ( H. 1b).

F M
y = f(x)
A
0 a b ]
a) b)

Hinh 1

Bang cédch ké cic duong thing song song vdi céc truc toa do, ta chia D thanh nhitng
hinh nh¢ 1a nhitng hinh thang cong (H.1a). Bai todn trén dugc dua vé tinh dién tich ctia hinh
thang cong.

Bai todn tim dién tich hinh thang cong bt ki:

Cho hinh thang cong gi¢i han béi cac duong théng x = a; X =b; (a <b), tryc
hoanh va duong cong y = f(x), trong d6 f(x) 12 ham s lién tuc, khong Am trén doan [a; b].

Véi mbi x € [a; b]. Ki hidu S(x) 1a dién tich cua phan hinh thang cong d6 nam giira hai
duong thang vudng géc v6i Ox 1an luot tai a va x ( H.2).

Ta chirng minh dugc S(x) 1a mot nguyén ham cua f(x) trén doan [a; b].
Gia sir F(x) 12 mot nguyén ham cua f(x) thi ¢6 mot hang sé C sao cho S(x) = F(x) + C.
ViS(a) = 0nén F(a) + C = 0 hay C = —F(a).
Vay S(x) = F(x) — F(a).
Thay x = b vao dang thirc trén, ta c6 dién tich cta hinh thang can tim Ia
S(b) = F(b) — F(a).
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S
2. Pinh nghia tich phan

Cho f(x) 1a ham s6 lién tuc trén doan [a; b]. Gia s F(x) 1a mot nguyén ham cua f(x) trén
doan [a; b].

Hiéu s6 F(b)-F(a) dugc goi 1a tich phan tir a dén b (hay tich phan xic dinh trén doan
[a; b]) ctia ham s0 f(x).

b
f f(x) dx = F(9)[2 = F(b) — F(a)

Tgl goi a la can dudi, b 1a can trén, f(x)dx la biéu thirc duéi diu tich phan va f(x) 1a ham
s0 dudi dau tich phan.

= Chay:

Truong hop a =b hodc a > b, ta quy udc

a b a
ajf(x) dx = 0; ajf(x) dx = _!f(X) dx

Vidu 1:

3
1 1 26

fXZ dX=§X3|§ =§(33 — 13) =?

1

e

]%dtzlntllene—lnlz 1-0=1.
1
= Nhin xét:
a) Tich phan cita ham s6 f tir a dén b ¢6 thé ki higu bsi [ f(x) dx hay [ f(t)dt. Tich
phan d6 chi phu thudc vao f va cac can a; b ma khong phu thudc vao bién so6 x hay t.
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b) Y nghia hinh hoc cuta tich phan: Néu ham s f(x) lién tuc va khong 4m trén doan
[a;b], thi tich phan fab f(x) 1a dién tich S ctia hinh thang cong gidi han boi dd thi cia
f(x), truc Ox va hai dudng thang x = a; x = b (H.la). Vay

b
S = jf(x) dx

II. TINH CHAT CUA TiCH PHAN

b b
1) f kf(x) dx = kf f(x) dx; k 1a hang s6
a a

b

b b
2) f (FC) + g(0) dx = ] F(x) dx + ] g(x) dx

a

3) j?f(x) dx = ff(x) dx + ff(x)dx.

Vi du 2: Tinh f02(4x3 —2x+5)dx
Giai
2 2 2 2
f(4x3 —2x+5)dx = 4fx3 dx — 2]de+ 5]dx =&H3 - )3 +5)|3 =22
0 0 0 0
III. PHUONG PHAP TINH TICH PHAN
1. Phwong phap déi bién

Pinh li. Cho ham sé f(x) lién tuc trén doan [a; b]. Gid sir ham s6 x = @(t) cé dao ham
lién tuc trén dogn [a; B] sao cho p(a) = a; (B) =bvaa < @(t) < bvdimoit € [a; B].
Khi do

b B
] f(x) dx = ] f((@(1). @' (t) dt

(04

Vidu 3: Tinh 2 sin®xcosx dx

Giai
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bat u = sinx. Ta c6 u’ = cosx.
Khi x = 0 thi u(0) = 0, khi x = Zthiu(%) = 1.
2 2
Vay

TT
2 1
. 1 1
f sin?xcosx dx = fuz du==-udl} ==
3 3
0 0

2. Phuong phap tinh tich phan tung phz"in’
Pinh li. Neu u=u(x) va v=v(x) la hai ham so6 c¢6 dao ham lién tuc trén doan [a; b] thi
b b

f u(x) v'(x)dx = (u)v(x))|2 — j u'(x) v(x)dx

a El
b b

hay fudv=uv|2—fvdu

a a

Vidu 4: Tinh

Giai
. u = Inx du = ldx
bat {dv = dx { v =XX

Ta co

I—flnxdx-xlnxl1 ]dx-elne—llnl—xll—e—e+1—1

B. BAI TAP AP DUNG
Bai 1: Tinh

1 X
fO (1+x2)3 X
Giai
bitu = 1+x2 tacou’ = 2x; u(O) = 1;u(l) = 2 nén

f 1f1d 11 1(1 1)_3
A+xp =7 3d="7 w2, a\22 ~ 16
1

Bai 2: Tinh f 2 xsinx dx
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Giai
u=x =
pa{, - " =] du = dx
dv = sinxdx V = —COSX
Do do6
TT TT
2 i
L n L
fxsinx dx = (—xcosx)|2 + f cosxdx = (—xcosx)|2 + (sinx)|? =0+ 1 = 1.
0 0
Bai 3: Tinh I = [ xcosxdx
Giai
Pit u=x . du=dx
dv=cosxdx v=sinx

s T
sinx dx = (xsinx)|? + (cosx)|? = >~ 1

e S

T
2
s
[ = fxcosxdx = (xsinx)|? —
0

BAI TAP
1. Tinh céc tich phan sau:
1
2 2
a) f(x& +2x3 4+ 5)dx b) f YA —x)2dx;
0 -1
2
2 7
f ! d d j in’x dx;
c) XE+ D) X ) sin“x dx;
1 0
2
T 2
e) j sin2xcos?x dx b) j(x?{& + x5Vx + 7X) dx;
0 0

2. Str dung phuong phép doi bién, hiy tinh
1

1
f 4 b 1—[ 2SI
a) (1 +x2)3 X ) T x3+1 X
0

0
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T
2 2
] 2X
c) | sin?x. cosxdx d) dx;
X2 +1
0 0
e
2 e
_ 5 In?x
e) | sinx.cos“xdx b) de;
0 1

3. Str dung phwong phép tinh tich phn tirng phan, hiy tinh

T

2 e
a) f(x + 1)sinx dx b) flenx dx;
0 1
n
T 2
) I= fx(l + cosx)dx d) f(Zx — 3)sinx dx;
1 0
1 2
e) fln(l + x) dx b) J-(x2 —2x — 1) e ¥dx;
0 0

§5. UNG DUNG CUA TICH PHAN TRONG HINH HQC
A. Kién thirc co ban
I. TINH DIEN TiCH HINH PHANG
1. Hinh phang gi6i han béi mét dwong cong va truc hoanh

Dién tich S cuia hinh phang gi6i han bai d6 thi ctia ham sd f(x) lién tuc, truc hoanh va hai
duong thang x = a; x = b (H. 4) dugc tinh boi cong thirc
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b
- j IF ()l dox 4

o
w W

Hinh 4
2. Hinh phing giéi han béi hai dwong cong

Cho hai duong cong f(x) va g(x) lién tyc trén doan [a; b]. Goi D 1a hinh phang gidi han
béi d thi cia hai ham sb d6 va cdc dudng thiang x = a; x = b (H. 5) duoc tinh bdi cong
thirc.

¥ A

b
S = j () — g0l dx ()

W

Hinh 5

= Chi y: Khi 4p dung cong thirc (*), can khir dau gia tri tuyét ddi ciia ham sé dudi dau
tich phan. Mudn vy, ta giai phuong trinh f(x) — g(x) = 0 trén doan [a, b].
Gia st phuong trinh c6 hai nghiém c; d (c < d). Khi d6, f(x) — g(x) khong ddi dau
trén cic doan [a; c]; [c; d]; [d; b]. Trén mdi doan d6, chang han trén doan [a; c], ta c6

C

j () — g0l dx =

a

C

] [f(0) — g()] dx

a

Vi du 1: Tinh dién tich hinh phiang duoc gi6i han boi d6 thi ctia ham sé y = x3, truc hoanh
va hai duong thang x = —1; x = 2 ( H.6)

Giai
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2 0 2 Y
S = f|x3|dx= f(—x)3dx+fx3dx
“1 “1 0
_ K _,_,
7 Y K .
9 2 R
Hinh 6

Vi du 2: Tinh dién tich hinh phang gidi han boi dd thi cia cdc ham sb:y = x*- x- 4 va
y =x-1.

Giai
Ta c6: hoanh d6 giao diém cta hai do thilax? - x- 4 = x- 1

x=-1

e x2-x-4— x+ 1=0=>x2—2x—3=0=>[
Xx=3

Viy dién tich cin tim la:
3
S = ]|X2—2X—3|dX
-1

Dox?—-2x—3<0; Vx€[-1;3]
Suy ra

3 3
3
S = f|x2—2x—3|dx=S= f(—x2+2x+3)dx=<—?+xz+3x>
21 21

II. TINH THE TiCH
1. Thé tich caa vat thé

Vat thé gi6i han bdi mot mit cong va hai mit phingx = a; x = b; a<b, S(x) 1a dién
tich cua thiét di¢én cia vat thé trén mdt mat phang vudng goéc voi 0x.S(x) lién tuc
trén [a ; b].

Thé tich vat thé 1a
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b
V= f S(x) dx
2
2. Thé tich ciia khéi chép va khéi chép cut
* Thé tich ctia khbi chép la:
Bh
~ 3

Vi khdi chép c6 chiéu cao bang h va dién tich day bang B.

* Thé tich cta khéi chép cut la:

h
V=3(B+VB.B +B)

Vi khoi ch6p cut tao boi khoi chép dinh S ¢6 dién tich hai ddy lan lugt 12 B; B’ va c6
chi€u cao bang h.

III. THE TICH KHOI TRON XOAY

1. Thé tich khéi tron xoay quay quanh truc ox

Thé tich khéi tron xoay do hinh phing gidi han boi y = f(x) (C); x=a;x=b, y=0;
(a < b), quay quanh Ox

b
V=Trff2(x)dx y
a

Hinh 9

2. Thé tich khdi tron xoay khi quay quanh Oy.
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Thé tich khbi tron xoay sinh ra do hinh phing gi6i han béi cdc dudng x = g(y), truc
Oy,y = a,y = b(a < b) quay quanh Oy la:

b
V=r[ x*(y)dy

v

B. BAI TAP AP DUNG
Bai 1: Tinh dién tich hinh phang giéi han bdi hai dudng congy = x> —x va y = x — X%
Giai
Taco: f(x) —g(x) = (x3 —x) — (x—x%) =x3 +x% - 2x
fx)—gx)=0x3+x2-2x=0Sx%x,=-2; X, =0;x3 = 1.

Viy dién tich hinh phang di cho la:

1
S = ]|X3+X2—2X|dX
=2

0 1
= f(x3+xz—2x)dx+f(x3+xz—2x)dx

~2 0
B x4+x3 X 0 N X4+X3 ) ! _8+5_37
T T\e T T | T3 12

Bai 2: Tinh thé tich vat thé tron xoay do phan duong tron (C): X% +y? = R? tam O khi
quay xung quanh truc Ox.
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Giai
Khi (C) quay quanh Ox ta c6 mit cau, thé tich khdi cau la
R R 2\ (R
2 X 4
oo [ (Y ae= [ acmn(we2)| <t
—R —R -R
BAI TAP

1. Tinh dién tich hinh phing giéi han béi cdc dudng
a) y=x%y=x+2;
b) y = |Inx|;
o)y =(x—6)% y=6x—x2

2. Tinh dién tich hinh phang gi¢i han boi dudng cong y = x? + 1, tiép tuyén véi duong nay
tai diém M(2; 5) va truc Oy.

3. Tinh thé tich khdi tron xoay do hinh phang giéi han béi cdc duong sau khi quay xung
quanh tryc Ox:

a)y=1-x%y=0;
b)y =cosx;y=0;x=0;x =

=

)

cy=tanx;y =0;x =0;x =

k]
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ON TAP CHUONG I
1. Giai cdc phuong trinh va bat phuong trinh
545 x+17 2 3
)32+ =0,125.128 3 b5 =10*27*.5"" c)(§)4x> (5)2_"
d)25* - 6.5*+5=0 e)2(log, x)?x — 14log,x+3 =0
f71t2x —8.7*+1 =0 log,(x — 3) + 2log, 3.log; x = 2
HN3TX—-3*+2=0 k)(log, x)? + 3log,(2x) —1 =0
h)log;(x +2) > 1 —log; x
2. Tinh
X + 1)?
a) f (2 — x)sinxdx; ( ) dx
f ! dx; d f *d
2 X2 —5x+6 ) | xetdx
s [
e) | xcosxdx; f) T 1
) f 1 h) f d
X; X
2 e (3—X)(X+1>
3. Tinh:
3 2
a) f 3x (X + Vx2% + 16) dx; b) f(Z.X3 — Inx)dx
0 1
(DO 2 (x+3) (1
x+1D)+2) X+
C)] <2 dX, d) ]de
1 0
4. Tinh:
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In2

b)f eX(e* — 1)?%dx

o[ 7
o[

1
4+ olnx d) jXZ(X —1)%dx
0
T
e)] V1 — cos2x dx; f) f\/mdx
0
2 2
g)fxzezx dx; h) ]cost. sin?xdx
0 0

5. Xét hinh phang D gi6i han boi y = 2V1 —x2vay = 2(1 — x).
a) Tinh dién tich hinh D. v )
b) Quay hinh D xung quanh truc Ox. Tinh thé tich khoi tron xoay dugc tao thanh.
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CHUONG IIL. SO PHUC
§1. SO PHUC

1.Soi: 2 =-1
2. Pinh nghia s6 phic
e Tap hop sd phic: C
e S6 phuc (dang dai s6): z=a+bi
(a, be [, a 12 phan thuc, b 12 phén 4o, i 1a don vi 40, i = —1)
e 7 14 sb thuc ph?m ao cua z bz"mg 0(b=0)
z 1a thuan 40 < phan thyuc ciia z bang 0 (a = 0)
S4 0 vira 1a s6 thue vira 12 s6 ao.
a=a'
b=b'
4. Biéu dién hinh hoc: S6 phtc z = a + bi (a, be ) duoc biéu dién bsi diém M(a; b) hay
boi i = (a; b) trong mp(Oxy) (mp phurc)
.

I M(a+bi)

-

3. S6 phitc bang nhau:  a+bi=d +bi @{ (a,b,a',b'el])

O‘ gl -
5. Médun ciia sé phirc : z = a + bi
o | =va? + 07 === =[om]
°|Z|20,VZGC, |z|=0<:>z=0
o locl =l Je] .2 :H o |4l <let o<l e

6. SO phirc lién hop ctua s phic z = a + bila 7 =a—bi

= oo T.o oot lally _

¢ z7=z; zxz'=zxz7'; =z :z.z;(—l]=_—l; zZ=a’+b°
29) )

e zlas6thuc = z=7 ; zlas0do & z=-7
BAI TAP
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Bai 1: Tim phan thuc va phan ao cua s phurc

)z =1-Ti b) z=v2 —i
o)z =22 d)z = —7i
Bai 2: Tim céc s thuc x, y biét
a)Bx-2)+2y+Di=(x+1)—-(y-5)i
b)(1-2x)—in3 =[5 +(1=3y)i
A2x+y)+Ry—x)i=(x-2y+3)+(y+2x+1)i

Bai 3: Tinh \z\ biét :

a) z==2+i\3 b) z=+2-3i
¢) z=-5 d) z=i3
Bai 4 : Tim ¢ biét:
a) z=1-i2 b) z=2+i\3
c) z=5 d) z=T7i

§2. CONG, TRU VA NHAN SO PHUC
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1. Cong va trir s6 phirc:
e (a+bi)+(a+vi)=(a+a)+(b+p)i o (a+bi)—(a+bi)=(a—a)+(b-b)i
eSO dbictaz=a+ bila—z=—-a—bi
® ii biéudién z, &' biéu dién z'thi & +ii'biéu dién z + 2’ v #i—ii' bicu diénz 7"
2. Nhan hai so phirc :
o (a+bi)a+b'i)=(aa - bb)+(ab’ + ba)i
® k(a+bi)=ka+kbi (ke /)

BAI TAP
Bai 1: Tim phan thyc va phan 4o cua cdc s phuc sau

a) (4—i)+(2+3i)—(5+1i) b) 2—i+(%—2ij c) (2—31')—@—%‘)

1. 3., 1. 3 1, 5 3, . .
d) (3_EZJ+(_E+2ZJ_EZ e) (Z+glj—(—z+glj f) 2-3D)3+1)

Bai 2: Thuc hién cac phép todn sau

a) 1+i)? =(1—i)? b) 2+i)}-3-i)? ¢) (3+4i)?
d) (=1+i)° = (2i)° e) (1-i)'%° f) 3+3i)°
§3. PHEP CHIA SO PHUC
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1. Tong va tich cia hai so phirc lién hop:
Cho s0 phirc z = a + by, ta co6:

e 7z+z=(a+bi)+(a—bi)=2a

o 77— (a+bi)(a—bi)=a’ —(bi)* =a’ +b* = \2\2

2. Phép chia hai s6 phikc:

ez l=—7 (z#0) o2 oy 122222 el _ywer=w
|Z|2 z |Z|2 7z z
BAI TAP
Bai 1: Tim phan thuc va phan 4o cua cic sb phuc sau:
3—i N2-i 3 1+i
a) - c) —
I+i i 1+2i 1-i
3+i o Lri N a+ivb ) 223
(1-2i)(1+1) 2—i ia 4+5i
Bai 2: Thuc hién cac phép toan sau:
3
1. 1+2i)° —(1-i) :
Q) |13 by CEZZUSD @
2 B+2)"=2+10)
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§4. PHUONG TRINH BAC HAI VOI HE SO THUC

1. Can béc hai ciaa so phirc:

. 2 2 _
® z=x+yi lacanbic haiciasdphiic w=a+bi & *=w & {x _23’ _Z
Xy =
® w=0coding 1 canbac hailaz =0
® w #0 c6 ding hai can bac hai d6i nhau
e Hai ciin bac hai ciia a > 013 +VJa
e Hai can bachaicuaa < 0la *v—a.i
2. Phwong trinh béc hai AZ +Bz+C=0 (*) (A, B, C la cac s6 phtrc cho trude, A #0).

A=B*-4AC
- . . n -B+3 e
® A#0:(*) c6 hai nghi¢m phén bi¢t z, , =i (6 1a 1 can bac hai cta A)
£ ‘A . B
® A=0:(*)co I nghiém kép: z;, =z, :_ﬂ

Chi y: Néu z, € C la mét nghiém cua (*) thi 7, ciing la mgt nghiém cua (*).

BAI TAP
Bai 1: Giai cdc phuong trinh sau (an z):
a) z° +|2=0 b) 22 +| =0
) z+2z=2—-4i d) 22 -2=0
e) |z —2z=—1-8i f) (4-5i)z=2+i
g)(z+z:)4:1 h) 2+?z=_1+'3i
z—1i 1-i 2+1
i) 2|z[-3z=1-12i k) (3-2i)*(z+i)=3i
1) [(2—1‘)E+3+i](iz+%j:0 m) z(3—%ij:3+%i
0) 3T 4 p) (z+3i)(2 —2z+5)=0
Z
Q) (22 +9)(z* —z+1)=0 r) 223 =377 4+5z43i-3=0

Bai 2: Giai cdc phuong trinh sau (4n x):
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a) x> —3x+1=0 b) 3v2.x2 —2/3x+4/2=0
¢) x> —(B-ix+4-3i=0 d) 3x*-x+2=0
e) 3x’—24=0 f) 2x* +16 =0
g xX>+7=0 h) x> +(2-3i)x=0
ON TAP CHUONG II

Bai 1: Thyuc hién cac phép tinh sau:
a) (2—i)(=3+2i)(5-4i)
b)3+7l+5—81
2+3i 2-3i
C) (2—4i)5+2i)+(3+4i)(—6—1i)
Bai 2: Cho céc s6 phuc 7 =142i,z, =—2+3i, z; =1—i. Tinh:

g+t b) 52, + 55+ 27 ©) 555
2,2
2 2 2 Z Z Z 7tz
d) " +2," +7 e) L+2+3 f) 5=
L 43 g 2, +24

Bai 3: Rit gon cic biéu thirc sau:

a) A=z +iz? —(1+ 20 +3z+1+3i, véi z=2+3i
b)B=(z-2>+22°)2—z+7%), vdi z=%(\/§—i)

Bai 4: Tim cac so thuc x, y sao cho:

x—3+y—3:i

a) 1-20)x+0+2y)i=1+i b) - -
3+ 3—i

) (4=3i)x* +(3+2i)xy =4y* —%xz +(Bxy—2y%)i

Bai 5: Giai cdc phuong trinh sau trén tap sd phuc:

a) 2+ 5=0 D)2+ 2z+2=0 ¢) 2+ 4z +10 = 0
d)z2-52+9=0 e) 22+3z-1=0 f)3z2-2z+3 =0
g) (z+2)(z-7)=0 h) 22 +7+2=0 ) 2=7+2

k) 22437 =2+3i D) (z+2i)+2(z42i)-3=0 m) 2 =7
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n) 472 +8l4" =8 0) iz> +(142i)z+1=0 p) 1+i)z> +2+11i=0
Bai 6: Giai cdc phuong trinh sau trén tap sd phuc:

a) x> —(B+4)x+5i—-1=0 b) x> +(1+i)x-2-i=0  ¢)3x>+x+2=0

d) x> +x+1=0 e) x>=1=0
2
Bai 7: Giai phuong trinh z= (2 —Z——i_;j , biét z=3+4i 12 mot nghiém cta phuong trinh.
z—
Bai 8: Giai cac phuong trinh sau:

a) 74 +272 -2 +2z+1=0 b) #2272 -2741=0
o) #-(1+v2) 2 +(24+42) 2 —(1+\/_)z+1 0 d)z*—4346:2-4z-15=0

—1
2+lZ

QYD

Bai 9: Chirng minh rang: néu <1 th1 <I.
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[ PHAN B. HINH HQC ]

Chuong: PHUONG PHAP TOA PO TRONG KHONG GIAN
§1. PHUONG TRINH MAT PHANG

I. VECTO PHAP TUYEN CUA MAT PHANG

Pinh nghia: Cho mp (P). Néu vecto 7i # 0 va ¢6 gid vudng géc vé6i (P) thi i dgl vecto
phap tuyen cua (P).

Y n
A /

» Cha ¥: Néu i la VIPT cua (P) thi ki (k # 0) ciing la VTPT ciia (P).

a, a4,
b, b,

a a, | |a
3 dgl tich c¢6 huéng (hay tich vecto) cia hai
b3 bl bl b2

vecto @ va b . Ki hiu: ﬁ:[ﬁ,b] hoac i=danb.

a,

b

9

Vecto 7 xac dinh 7 :(

Nhdn xét:
e Tich co huong cua hai vecto ciing la mot vecto.

o Cip vecto @, b ¢ trén dgl ciip VTCP ciia (P).
Vi du 1: Tim mot VTPT ctia mit phang:

a) Qua A(2;-1; 3), B(4;0; 1), C(-10; 5; 3).
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b) Qua A(2; 0; 0), B(0; 2; 0), C(0; 0; 2).
Giai
a) AB=(2;1;-2); AC =(-12:6;0); BC =(~14;5;2)
— [ AB,AC |=[ AB,BC ] = (12;24;24) = (1;2;2).

b) AB =(-2;2;0);AC = (-2;0;2); BC = (-2;2;0)
[AB,AC]=[4B,BC |=(12;24;24)

II. PHUONG TRINH TONG QUAT CUA MAT PHANG

1. Pinh nghia: Phuong trinh Ax+By+Cz+D=0, trong d6 A>+B*>+C? =0, dugc goi la
phwong trinh téng quét ctiia mit phang.

» Nhdn xét:

a)(P): Ax+By+Cz+D=0 = (P)co 1 VIPT la ii=(A;B;C).

b) PT cua (P) qua M(x,;y,;z,) va co VIPT i =(A;B;C) la: A(x—x,)+B(y—y,)+C(z—2z,)=0.
Vi du 2: Hiy tim mot vecto phdp tuyén cua mit phang (o ): 4x — 2y - 6z + 7 = 0.

Vi du 3: Lap phuong trinh tong quét cia mit phang (MNP) véi M(1; 1; 1), N(4; 3; 2),
P(5; 25 1).

Giai
Ta cé: MN = (3;2;1); MP = (4:1;0)..
Goi n=MN AMP = (-1;4;-5).

Phuong trinh mit phing (MNP) di qua M(1; 1; 1) va c6 vecto phdp tuyén
n=(-1;4;-5) la: -1(x-1) + 4(y-1) -5(z-1) =0 & -x +4y -5z + 2 =0

2. Cac trwong hop riéng
a) D =0 < (P) di qua O.

(P)D Ox

b)A =0@[
(P) [7 Ox
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(P) L/ (Oxy)

c) A =B=0@[
(P)=(0xy)

Ax + By + D =0

x
By +~ D = 0O Ax + D =0

=

III. PIEU KIEN PE HAI MAT PHANG SONG SONG, VUONG GOC

1. Piéu ki¢n dé hai mdt phéng song song
Trong KG cho 2 mp (P;), (P>):
(P):Ax+By+Cz+D =0
(P):Ax+B,y+C,z+D, =0

® (R)L(R)
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- (A;B;C)=k(A,);B,;C,)
D, # kD,

® (A)=(h)

(A;B;C)=k(A,;B,;C,)
D, =kD,

*(P) cat (Py)
< (A;B;;C) #k(Ay;B,;C,)
Vi du 4: Cho hai mp (P;) va (P,):
P): x—-my+4z+m=0
(Py): x=2y+(m+2)z—-4=0
Tim m dé (P;) va (Py):
a) song song
b) trung nhau
c) cit nhau.
Vidu 5: Viét PT mp (P) di qua diém M(1; =2; 3) va song song voi mp (Q): 2x—3y+z+5=0.
Giai
Vi (P) // (Q) nén (P) c6 VTPT 7 =(2;-3;1).
= (P): 2x-D-3+2+1z-3)=0
& 2x-3y+2z-11=0.
2. Piéu kig¢n dé hai mdt phing vuéng géc

(P)L(P) < AA,+BB,+CC,=0
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&

B
p
3

Vi du 6: Xic dinh m dé hai mp sau vudng géc voi nhau:
(P): 2x-7y+mz+2=0
(Q): 3x+y-2z+15=0
Giai
(P)L(P) & AA+BB, +CC,=0& m:—%.

Vi du 7: Viét phuong trinh mp (P) di qua hai diém A(3; 1; —1), B(2; —1; 4) va vudng géc véi
mp (Q): 2x—y+3z-1=0.

Giai
(P) c6 cap VTCP la:
AB=(-1;-2:5) VA fi, =(2-1:3); 7i, =| AB.ii, |=(-1;13;5)
= (P): x—13y-5z+5=0.
IV. KHOANG CACH TU MOT PIEM PEN MOT MAT PHANG

Dinh li: Trong KG Oxyz, cho (P): Ax+By+Cz+D=0 va diém M,(x,;y,:2,).-

Ax,+By,+Cz,+D
aou oy =220 b |
VA" +B +C
MO
_)
n

———

<
a
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Vi du 8: Tinh khoang céch tir diém M dén mp(P):
a) M(1; -2; 13) ; (P): 2x-2y—-z+3=0 b) M(2; -3;5); (P): 2x—y+2z-6=0
c) M(1;—4; -2); (P): x+y+5z-14=0 d) M(3; 1; -2); (P) = (Oxy)
Giai
@) dOL(P) =73 b) dOL(P) =
¢) d(M,(P))=~27; d) d(M,(P))=2
Vi du 9: Tinh khoang céch giira hai mp song song (P) va (Q):
a) (P): x+2y+2z+11=0; (Q): x+2y+2z+2=0
b) (P): 4x—y+8z+1=0; (Q): 4x—y+8z+5=0
Giai
Bing khoang cdch tir 1 diém trén mp nay dén mp kia.
a) Lay M(0; 0; -1) € (Q).
d((P),(Q))=d(M,(P))=3

b) Liy M(0; 1; 0) € (P)

d((P).(Q))=d(M.(Q)) =§

Vi du 10: Viét pt mat cau (S) c6 tam I va tiép xtc voi mp (P):

2) 1(3;-5;-2) b) 1(1;4,7)
(P):2x—y—-3z+1=0 (P):6x+6y—-T7z+42=0

Giai

R = d(1,(P)
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a) (x=3)+(y+5°>+(z+2)° =¥

b) (x—1)2+(y—4)2+(z—7)2=(f—ﬂ

Vidu 11: Viét phuong trinh mat phﬁng (P) tiép xdc v&i mit cau (S) tai M:

2) ($):(x=3)+(y=1)*+(z+2)* =24 b (S): (x=1" +(y+3)* +(z—2)* =49
M (-1;3;0) M(7;,-1;5)

Giai
Ta cé: ii=IM
a)(P): -4(x+1)+2(y-3)+2z=0

b) (P):6(x—7)+2(y+1)+3(z—5)=0.

BAI TAP
1. Viét phuong trinh ctia mit phing:
a) Diqua diém M(1; -2; 4) va nhan n= (2;3;5) lam vecto phéap tuyén;

b) Diqua diém A(0; -1; 2) va song song v&i gid cua mdi vecto u= (3;2;1)va v= (=3;0;1)

c) biqua3 diém A(-3;0; 0), B(0; -2; 0) va C(0; 0; -1).
2. Viét phuong trinh mat ph'fmg trung tryc cua doan théng AB vo1 A(2; 3;7), B(4; 1; 3).
3. a) Lap phuong trinh cua cdc mat phéng toa do (Oxy), (Oyz), (Oxz).

b) Lap phuong trinh cta cdc mit phang di qua diém M(2; 6; -3) va 1an lugt song song
vO1 cac mat phﬁng toa do.

4. Lap phuong trinh ctia mit phang:
a) Chira truc Ox va diém P(4; -1; 2);
b) Chura truc Oy va diém Q(1; 4; -3);

¢) Chira truc Oz va diém R(3; -4; 7).
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5. Cho ttr dién ¢6 cac dinh 1a A(5; 1; 3), B(1; 6; 2), C(5; 0; 4), D(4; 0; 6).
a) Hay viét phuong trinh ctia cdc mat phﬁng (ACD) va (BCD).
b) Hiy viét phuong trinh mét phang (o) di qua canh AB va song song véi canh CD.

6. Hay viét phwong trinh mat phang (o) di qua diém M(2; -1; 2) va song song v4i mit phang
B):2x-y+3z+4=0.

7. Lap phuong trinh mit phang (o) di qua hai diém A(1; 0; 1), B(5; 2; 3) va vudng géc véi
mat phéng B):2x -y +z-7=0.

8. Xéc dinh cé4c gid tri cia m va n dé mdi cdp mit phang sau day 12 mot cip mit phang song
song voi nhau:

a)2x+my +3z2-5=0 va nx-8y-6z+2=0;

b)3x-5y+mz-3=0 va 2x+ny-3z+1=0.

9. Tinh khoang céch tur diém A(2; 4; -3) 1an luot dén céc mat phéng sau:
a)2x—-y+2z-9=0;
b) 12x - 52 +5=0;
c)x=0.

§2. PHUONG TRINH PUONG THANG TRONG KHONG GIAN

I. PHUONG TRINH THAM SO CUA PUONG THANG

Pinh 1i: Trong KG Oxyz, cho dwong thang A di qua diém My(xy; yo; zo) va nhdn vecto
i =(a;aya,) lam VICP. Piéu kién can va di dé diem M(x; y; z) nam trén Ala ¢é mot sé thuec

t sao cho:
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X=x,+1a
y=y, +1ta,
=27, t1a,

Pinh nghia: Phuong trinh tham sé cia duong thang A di qua diém My(xo; Yo; zo) V2 ¢6
VTCP d=(a;a,;a,) 1a phuong trinh c6 dang:

X=x,+ta

y=y0+ta2
7=z, +1a,

trong d6 t 1a tham sb.

= Cha y: Néu aj, a,, a3 déu khdc 0 thi ¢ thé viét phuong trinh ciia A dudi dang chinh
tic:

Vi du 1: Viét PTTS cia duong thang A di qua diém M, va c6 VTCP &, voi:
a) M(1:2:-3),d = (-1:3;5) b) M(0;-2:5),d = (0;1:4)
¢) M(1;3;-1),a = (1;2;-1) d) M3;-1;-3),d = (1,-2;0)

Vi du 2: Cho céc diém A(2;3;-1), B(1; 2; 4), C(2; 1; 0), D(0:1;2). Viét PTTS cuia céc
duong thang AB, AC, AD, BC.

Giai
AB=(-1;-1;5), A(2;3;-1)
x=2—t
= PTTS cua AB: {y=3-¢
z=—1+5¢

Cic phuong trinh dudng thang con lai HS tu giai twong ty.

Vi du 3: Viét PTTS cta A di qua diém A va vudng géc véi mat phang (P):
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a) A(=24;3), (P):2x-3y+6z+19=0; b) AG3;2%1), (P):2x-5y+4=0;
¢) A(1; -1; 0), (P)=(Oxy); d) A(2; =35 6), (P)=(Oyz);
Giai

a) ViAL(P)nén a=7=(2;-3;6)

x=—2+42t
= PTTS cua A: {y=4-3¢
z=346¢

Vi du 4: Cho duong thang A ¢6 PTTS. Hiy xdc dinh mot diém M € A va mot VTCP cua A.

x=—142¢
A 3y=3-3¢
z2=5+4

Giai
Cho t =ty, thay vao PT cia A. V6it=0= M(-1;3;5) € A.
I1. PIEU KIEN PE HAI PUONG THANG SONG SONG, CAT NHAU, CHEO NHAU
1. Piéu kién dé hai dwong thang song song

Goi a=(a:a:a,),d =(a;a,:a)) 1an lugt 12 VTCP cua d va d’. Ly M(Xq; yo; zo) € d.

dyd e 147k
Med
.
e
/
M

—_ =7
a=ka

bac biét: d=d &
Med

Vi du 5: Ching minh hai thang sau song song song:
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x=1+t X=2+2 x=1+2¢ x=-1-2t
a) d:qy=2t ;d {y=2+4r b) d:i{y=2+1;d {y=2-1
z7=3—t¢ Z=5—2t/ 7=3+2t Z:_3_2t’
c)
d:x—lzy—2:z—3
9 6 3
J:x—7:y—6:z—5
6 4 2
Giai

a) a=02-1), d =(2:4;-2)

= d,d cung phuong.

Vi du 6: Viét phuong trinh duong thang A di qua diém A va song song véi dudng thang d

cho trudc:
x=2-3t x=3+4t
a) A(2;-5;3),d: < y=3+4¢ b) A(1;-3;2),d: yy=2-2¢
Z=5—2t Z:3t—1
¢) A4 —2;2),d: Tr2_y=> 22 d) AGS: 2: -3, d: 3 _y-1_z+2
2 3 2 3 4

Giai
Vi A// dnén A cling nhan VTCP cua d lam VTCP.
a) Phuong trinh dudng thiang di qua A(2; —5; 3) va ¢c6 VTCP U = (-3;4;,-2)la:
x=2-3t

y=-5+4t
z=3-2t

b) ,c),d) gidi twong ty nhu cau a).
2. Piéu kién dé hai dwong thing cit nhau

Cho 2 dudng thing
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x=x, +1a, x=x+ia

d: {y=y,+m,,d: \y=y,+/q
=gt 1=z +a

d va d’ cit nhau < hé pt 4n t, t’ sau c6 ding 1 nghiém:

X, +ta, =x,+1a
" 7
Yo +ta, =y, +ta, (*)

, ’
Zotta, =2z, +1 a4

Vi du 7: Tim giao diém cta hai dudng thing sau:

, x=1+t¢
x=1+t x=2-2 d:{y=2+2t
a) d:y=2+3t,d :{y=-2+1 b) z=1-1¢
Z:3—t Z:1+3t, d»x—lzy—zzz—l
"3 1 1
x=3 x=l+r x=-3+42  |X=5+
c)d:{y=1-2t,d :{y=21 d) d:i{y=-=243t,d :yy=—1-4/

Vi du 8: Tim m dé hai duong thang d va d’ cit nhau. Khi d6 tim toa d6 giao diém cia chiing

x=1+mt x=l-t c=1—t x=2+1
a) d:{y=t d y=2+21 b) d:{y=3+2t,d :{y=1+¢
z7=—1+4+2¢ Z:3_t’ z=m+t Z:2_3t’

3. Piéu kién dé hai dwong thing chéo nhau

Cho 2 duong thing
_x:_x0+l‘al x:x;)+t/a'1
d: <y=yy+tay, d: {y=y,+7a,
Z=20+ta3 Z:Zé)'i‘t/@'j
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d va d’ chéo nhau & hai VTCP khong ciing phuong va hé pt an t, t” sau vo nghiém:
Xy tia =xy+1a
Yo ttay =y, +ta, (%)
zy t1ay =25 +1 a,
edldeala.

Vi du 9: Chiing t6 céc cip duong thang sau chéo nhau:

x=1+2¢ x=1+3¢ x=1=2¢ x=2¢
a) d:{y=—1+3t,d :\y=-2+2¢ b) d:{y=3+t ,d :\y=1+1
z=5+1 z=—1+27 z=-2-3t z=3-27
d:x;2:y-;1:§ d:xI7:y;3=z—19
c) . d) -
d,:ﬁzy—1:z+l d,:x—3:y—1:z—l
1 4 -7 2 3

BAI TAP
1. Viét phuong trinh tham s6 ctia duong thang d trong mdi trudng hop sau:

a) ddiqua diém M(5; 4; 1) va c¢6 vecto chi phuong a= (2;-3;1);

b) d di qua diém A(2; -1; 3) va vudng géc véi mat phang (o) c6 phuong trinh
x+y—-z+5=0;

x =142t
¢) ddi qua diém B(2; 0; -3) va song song véi duong thing A:{y=-3+3t;
z=4t

d) d diqua hai diém P(1; 2 ;: 3) va Q(5; 4; 4).
2. Viét phuong trinh tham s6 ctia duong thang 1a hinh chiéu vudng géc ciia dudng thang

X=2+t
d: Jy=-3+2t
z=1+3t

1an luot trén cdc mit phang sau:
a) (Oxy); b) (Oyz).

3. Xét vi tri twong d6i cua cdc cip dudng thing d va d cho bdi cac phwong trinh sau:
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X =-3+2t X=5+t
a) didy=-2+3t va d:Jy=—-1-4t
z=6+4t z=20+t
X =1+t x=1+2t
b) d:i{y=2+t va d":{y=-1+2t.
z=3-t z=2-2t

4. Tim a dé hai dudng thing sau ddy cit nhau:

x =1+at x=1-t
d:{ y=t vad:<{y=2+2t.
z=—1+2t z=3-t
5. Tim s6 giao diém cua dudng thang d vi mit phang (o) trong cdc trudong hop sau:
x=12+4t
a) d:{ y=9+3t va (a): 3x+5y-z-2=0;
z=1+t
x=1+t
b) d:iiy=2-t va (a):x+3y+z+1=0;
z=1+2t
x=1+t
c) didy=142t va (a):x+y+z-4=0;
z=2-3t
x=-3+2t
6. Tinh khoang cich giita duong thang A: {y=—1+3t va mit phing
z=—1+2t
(a):2x—y+z+3=0.
Xx=2+t
7. Cho diém A(1; 0 ; 0) va duong thang A: {y=1+2t.
z=t

a) Tim toa do diém H 1a hinh chiéu vudng géc cua diém A trén duong thang A .
b) Tim toa d6 diém A" ddi xtng v6i A qua duong thang A .
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8. Cho diém M(1; 4; 2) va mit phing (a):x +y +z-1=0.
a) Tim toa d6 diém H 12 hinh chiéu vudng géc cua diém M trén mit phéng (o).
b) Tim toa do diém M dbi xtng voi M qua mat phéng (o).
¢) Tinh khoang cdch tir diém M dén mat phiang (o).

9. Cho hai duong thang

x=1-t x=1+t
d:dy=2+2t va d: y=3-2t.
z =73t z=1

Chirng minh d va d chéo nhau.

ON TAP CHUONG
1. Cho bén diém A(-2; 6; 3), B(1; 0; 6), C(0; 2; -1), D(1; 4; 0).
a) Viét phuong trinh mit phang (BCD). Suy ra ABCD 12 mdt tir dién.
b) Tinh chiéu cao AH ctia tir dién ABCD.
¢) Viét phuong trinh mit phang (o) chira AB va song song voi CD.
2. Lap phuong trinh tham s6 ciia dudng thang:
a) Di qua hai diém A(1;0; -3), B(3; -1; 0).
b) Di qua diém M(2; 3; -5) va song song v6i duong thing A c6 phuong trinh

Xx=-2+2t
y=3-4t
z=-5t

3. Cho mit phing (o) ¢6 phuong trinh 3x + 5y — z — 2 = 0 va dudng thing d c6 phuong
trinh
x=12+4t
y=9+3t
z=1+t.
a) Tim giao diém M cta dudng thang d va mit phing (o).
b) Viét phuong trinh mit phing (B) chira diém M va vudng géc véi duong thang d.

4. Cho diém A(-1; 2; -3), vecto a= (6;—2;—-3) va duong thang d c¢6 phuong trinh:
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x=1+3t
y=—142t
z=3-5t.

a) Viét phuong trinh mit phang (o) chira diém A va vudng géc véi gid cia a.
b) Tim giao diém M cta d va (o).
¢) Viét phuong trinh duong thing A di qua diém A, vudng géc véi gid cia a va cit
duong thang d.
5. Tim toa do diém H 12 hinh chiéu vudng géc cua diém M(1;-1; 2) trén mat

phing (o): 2x -y 42z +11 = 0.

6. Cho diém M(2; 1; 0) va mat phang (a): x + 3y — z -27 = 0. Tim toa d6 diém M’ ddi
xtng voi M qua (o).
7. Viét phuong trinh duong thang A vudng géc v6i mat phing toa do (Oxz) va cat hai

duong thang
X=t x=1-2t
dijy=—4+t va d:{y=-3+t.
z=3-1 z=4-5¢
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